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Instability of D-dimensional extremally charged Reissner-Nordstrøm(-de Sitter) black
holes: Extrapolation to arbitrary D
R. A. Konoplya∗
DAMTP, Centre for Mathematical Sciences, University of Cambridge, Wilberforce Road, Cambridge CB3 0WA, UK.
A. Zhidenko†
Centro de Matema´tica, Computac¸a˜o e Cognic¸a˜o, Universidade Federal do ABC (UFABC),
Rua Abolic¸a˜o, CEP: 09210-180, Santo Andre´, SP, Brazil
In our earlier work (PRL 103 (2009) 161101) it was shown that nonextremal highly charged
Reissner-Nordstrøm-de Sitter black holes are gravitationally unstable in D > 6-dimensional space-
times. Here, we find accurate threshold values of the Λ-term at which the instability of the extremally
charged black holes starts. The larger D is, the smaller is the threshold value of Λ. We have shown
that the ratio ρ = rh/rcos (where rcos and rh are the cosmological and event horizons) is proportional
to e−(D−4)/2 at the onset of instability for D = 7, 8, . . . 11, implying that the same law should fulfill
for arbitrary D. This is numerical evidence that extremally charged Reissner-Nordstrøm-de Sitter
black holes are gravitationally unstable for D > 6, while asymptotically flat extremally charged
Reissner-Nordstrøm black holes are stable for all D. The instability is not connected to the horizon
instability discussed recently in the literature, and, unlike the later one, develops also outside the
event horizon, that is, it can be seen by an external observer. In addition, for the nonextremal case
through fitting of the numerical data we obtained an approximate analytical formula which relates
values of charge and the Λ-term at the onset of instability.
PACS numbers: 04.30.Nk,04.70.Bw
I. INTRODUCTION.
Stability of a metric against small space-time pertur-
bations, usually termed as classical, gravitational or dy-
namical stability (in order to distinguish from the ther-
modynamical stability, which has quantum origin), is a
basic criteria of viability of a black hole model. While sta-
bility of four-dimensional black hole solutions has been
very well (but not exhaustively) investigated, stability of
higher-dimensional black holes has been less studied. In
higher than four dimensions, absence of the traditional
uniqueness theorem allows for a wide class of solutions
with event horizons of various topologies [1]. This makes
the problem of stability even more appealing, because
it allows one to discard inviable solutions. In addition,
perturbation, quasinormal modes and stability of higher-
dimensional asymptotically de Sitter (dS) and anti-de
Sitter (AdS) black holes and branes play an important
role in the dS/CFT [2] and AdS/CFT correspondences
[3].
Linear stability of higher-dimensional generalization of
Schwarzschild black holes (given by the Tangherlini solu-
tion) was analytically proven for arbitraryD by Kodama
and Ishibashi [4]. For a broad class of D-dimensional
black holes allowing for the electric charge and lambda
term the perturbation equations were reduced to the
wavelike form [5]. However, the analytical treatment
of the stability problem looks intractable in D > 4 if
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either the charge or lambda term is not zero. There-
fore, in a number of cases the stability problem was at-
tacked numerically through the investigation of dominant
resonance frequencies of the perturbation (quasinormal
modes) in frequency domain, and through modeling of
the evolution of perturbation in the time domain.
In this way, i.e., by numerical investigation of
a black-hole quasinormal spectrum, stability of var-
ious of higher-dimensional black holes was analyzed.
In [6] and [7] numerical evidence of linear stabil-
ity of D = 5, 6, . . .11-dimensional Schwarzschild-AdS,
Reissner-Nordstrøm-AdS and Schwarzschild-de Sitter
black holes was found in the Einstein-Maxwell theory. In
our earlier paper [8] it was shown thatD > 6-dimensional
nonextremal Reissner-Nordstrøm-de Sitter black holes
are unstable when the electric charge and Λ-term are
large enough. Some other cases, including higher curva-
ture corrections, dilaton, etc were considered in the liter-
ature (reviewed in [9] and [10]). Yet, as the above works
used numerical treatment of the problem, each fixed value
of D was treated “one by one” leaving aside the general
proof of (in)stability for arbitrary D.
Here we shall study the (in)stability of extremally
charged Reissner-Nordstrøm(-de Sitter) black holes nu-
merically, and generalize the results to an arbitrary num-
ber of space-time dimensions D. In [8] the instability
was demonstrated for D = 7, 8, . . .11 highly charged
but nonextremal black holes. Here we shall find criti-
cal values of the cosmological constant Λ which corre-
spond to the threshold of instability of the extremally
charged Reissner-Nordstrøm-de Sitter solution for D =
7, 8, . . .11. Then, we shall extrapolate the data to higher
D and find a remarkably simple dependence of critical
2Λ on D, also indicating that the asymptotically flat ex-
tremal Reissner-Nordstrøm black holes must be linearly
stable for arbitrary D. Using the numerical data from
[8] for the nonextremally charged case here we shall show
that the threshold values of black-hole parameters can be
fitted by a simple analytical formula as well.
The paper is organized as follows: Sec. II gives basic
formulae for the space-time metric, the master perturba-
tion equations, and the time-domain integration method
which we used. Sec. III is devoted to the analysis of nu-
merical data and its extrapolation to small values of the
cosmological terms and large D. Sec. IV describes the
procedure of fitting of numerical data for the threshold
parameters by an analytical formula. Sec. V, the conclu-
sion, is a brief summary of results on stability of static
higher-dimensional black holes in the Einstein-Maxwell
theory studied by now.
II. BASIC FORMULAE AND THE
TIME-DOMAIN INTEGRATION
The metric of a D-dimensional Reissner-Nordstrøm-
de-Sitter black hole has the form
ds2 = f(r)dt2 −
dr2
f(r)
− r2(dθ2 + sin2θdφ2), (1)
where
f(r) = 1−
2M
rD−3
+
Q2
r2D−6
−
2Λr2
(D − 2)(D − 1)
. (2)
The perturbation equation can be treated separately
for scalars, vectors, and tensors and can be reduced to
the wavelike form [5] for each case,(
∂2
∂t2
−
∂2
∂r2∗
)
Ψ(t, r) = −V (r)Ψ(t, r), (3)
where the tortoise coordinate r∗ is defined as
dr∗ =
dr
f(r)
. (4)
We shall be interested here in the scalar type of grav-
itational perturbations, for which the effective potential
has a negative gap, and, thereby, the instability is possi-
ble. This type of perturbations is referred to as the “-”
type (see (5.61) of [5]). The effective potential V (r) de-
pends on the following parameters: the number of space-
time dimensions D, black hole mass M , electric charge
Q, lambda-term Λ, multipole number ℓ = 2, 3, 4 . . .. Usu-
ally the instability occurs at the lowest multipole num-
ber ℓ = 2. In our case higher multipoles are more stable.
Therefore, here we shall show numerical data only for
ℓ = 2 perturbations of the “-” type.
We shall measure all the quantities in the units of the
horizon radius (rh = 1). Thus we define
2M = 1 +Q2 − 2Λ/(D − 2)(D − 1). (5)
In order to parameterize the cosmological constant and
the black-hole charge we introduce two dimensionless pa-
rameters,
0 ≤ ρ = rh/rcos < 1 and 0 ≤ σ = ri/rh ≤ 1,
where rcos and ri are, respectively, the cosmological and
inner horizons.
Then, using the following equations,
f(σ) = f(1/ρ) = 0,
we can find Λ and Q in terms of these parameters
Λ =
ρ2
2
(D − 2)(D − 1)(1− σD−3ρD−3)(
1− ρD−1
1− ρD−3
)
− σD−3ρD−1
(
1− σD−1
1− σD−3
) , (6)
Q2 = σD−3
(
1− ρ2
1− ρD−1
)
− σD−3
(
1− σ2
1− σD−1
)
(
1− σD−3
1− σD−1
)
− σD−3ρD−1
(
1− ρD−3
1− ρD−1
) .
It is easy to see from (6) that, when Λ or Q is zero, the
corresponding dimensionless parameter, ρ or σ, vanishes.
By definition, σ = 1 corresponds to the extremal charge
of a black hole. As ρ → 1 the size of a black hole ap-
proaches to its extremal value in the de Sitter universe.
Values of the parameters at the onset of instability we
shall call critical or threshold values.
We shall study the evolution of the black hole pertur-
bations of scalar “-” type (ℓ = 2) in time domain using
a numerical characteristic integration method [11], that
uses the light-cone variables u = t− r⋆ and v = t+ r⋆. In
the characteristic initial value problem, initial data are
specified on the two null surfaces u = u0 and v = v0.
The discretization scheme we used is
Ψ(N) = Ψ(W ) + Ψ(E)−Ψ(S)− (7)
−∆2
V (W )Ψ(W ) + V (E)Ψ(E)
8
+O(∆4) ,
where we have the following definitions for the points:
N = (u + ∆, v + ∆), W = (u + ∆, v), E = (u, v + ∆)
and S = (u, v). This method was tested for finding accu-
rate values of the damped quasinormal modes (see for
instance [12] and references therein). Recently it has
been also adopted for finding unstable, growing, quasi-
normal modes in [13] for black strings and for Gauss-
Bonnet black holes [14]. The agreement between the
time-domain and accurate Frobenius methods (as well
as with the WKB method in the region of its validity
[15]) is excellent. To test the reliability of the method,
we increased the precision of the whole numerical proce-
dure and decreased the grid of integration: unchanging of
the obtained profiles of Ψ signifies that we have reached
sufficient accuracy of computation.
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FIG. 1: Left panel (logarithmic scale): Typical unbounded growth of the signal for ρ > ρc (D = 9, ℓ = 2, ρ = 0.4). Right panel
(log-log scale): Two profiles for D = 9, which correspond to ρ = 0.3 (blue) and ρ = 0.2 (red); the points show the moment after
which the unbounded growth is observed. The smaller the value of ρ is (i.e. the closer to the threshold value ρc), the later the
moment at which the signal starts growing.
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FIG. 2: Left panel: t
−1/3
min as a function of ρ for (from right to left) D = 7 (brown), D = 8 (blue), D = 9 (green), D = 10 (red),
and D = 11 (magenta), and tmin is the moment at which we observe the beginning of the unbounded growth of the signal.
Solid lines were obtained by fitting by linear functions of our numerical data (black points). The threshold points of stability
ρc, which corresponds to the intersections of the lines with the horizontal axes, are presented for each D in the right panel
using the logarithmic scale together with our fit for large D (solid line) ρc = e
−(D−4)/2.
III. NUMERICAL DATA: EXTRAPOLATIONS
TO SMALL ρ AND TO LARGE D
A thorough study of profiles of |Ψ| at sufficiently late
time in the region of instability shows that the moment
at which the growth of the signal starts depends on the
value of ρ. At a fixed spatial coordinate the smaller ρ,
the later is the moment at which growth of the profile be-
gins (Fig. 1). With a personal computer and reasonable
computation time, one cannot find the asymptotic tails
for time, which is much later than t ∼ 103rh. Thus, an
extrapolation to large t (and small ρ) is necessary. For-
tunately, all the numerical values obtained here for the
“starting moments” of instability (let us designate them
as tmin) obey the inverse cubic law very well:
(ρ− ρc) ∝ t
−1/3
min , (8)
where the constant ρc depends on D and is positive for
D = 7, 8, . . .11. Thus, numerically found ρc are threshold
values of ρ corresponding to the onset of instability for
the extremally charged black hole. Then, it is natural to
try to find these critical values of ρ for any D, and the
extrapolation to higherD also obeys a remarkably simple
law (see Fig. 2):
ρc ≈ Ae
−D−4
2 , (9)
where the constant A is close to unity. By fitting the
numerical values of ρc found for D = 7, 8, 9, 10, 11 we
4obtain A ≈ 0.96.
Thus, we conclude that the critical value of the normal-
ized cosmological constant ρ corresponding to the onset
of instability goes to zero as the number of space-time
dimensions D goes to infinity. That is, the extremally
charged Reissner-Nordstrøm-de Sitter black holes unsta-
ble for all D > 6, while the pure Reissner-Nordstrøm
solution must be stable for arbitrary D. The latter state-
ment may look too strong and simply means that if there
is an instability for the extremal Reissner-Nordstrøm so-
lution at some large D, it has a different nature from
the one we observed for Reissner-Nordstrøm-de Sitter
black holes. If, contrary to our observation, the con-
stant ρc were negative at some D, that would mean that
one should expect an instability of the pure Reissner-
Nordstrøm solution (ρ = 0) at this value of D.
We computed time-domain profiles at a value of spa-
tial coordinate r fixed somewhere near the peak of the
potential barrier. Although the values of tmin almost do
not depend on the choice of r, we considered profiles of
|Ψ| at the same fixed r for all values of ρ on Figs. 1 and 2.
However, the choice of r at the potential peak allows one
to reduce the period of initial outburst to minimum.
We take a constant as initial conditions on the null
surface from the side of the black hole and a Gaussian at
the other null surface. We also computed time-domain
profiles with another choice of initial conditions, namely,
a constant at both null surfaces. Although the profiles
and, consequently, tmin depend softly on the choice of
initial conditions, we observe the same behavior of tmin
as a function of ρ. By fitting these points we find the
same critical values of ρ. We conclude, therefore, that
the onset of instability does not depend on the choice
of the initial conditions, and the point r where the time-
domain profile is considered. It is possible that some fine-
tuning of the initial conditions could lead to unbounded
growth of the signal just after the initial outburst for all
ρ > ρc. However, for the considered initial conditions the
growing mode appears with a relatively small amplitude.
That is why we observe growing at relatively late time,
i.e., when the stable (damped) modes are faded out. As
ρ approaches ρc the growing rate of the unstable mode
decreases and, therefore, it dominates at later time. That
is why tmin increases as ρ→ ρc.
The instability of extremal Reissner-Nordstrøm and
Kerr black holes found recently in [16–18] is qualitatively
different from the one we observe here. The instability
discussed in [16–18] propagates only along the event hori-
zon and, therefore, at the linear order cannot be observed
by an external observer, so that for the observer the sys-
tem still should look stable [19]. The instability which we
analyzed here propagates outside the event horizon and
thereby may serve as criteria for viability of the black
hole model or as an indication of bifurcation towards a
new solution.
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FIG. 3: Critical values of σ as functions of ρ3 and linear fits
for D = 8 (blue lower line) and D = 10 (red upper line).
IV. EXTRAPOLATION TO ARBITRARY D FOR
NONEXTREMAL CHARGES
A simple formula (9) for critical values of ρ motivated
us to look at the nonextremal case as well and study
critical values of σ for fixed ρ as a function of D. Taking
data from our earlier paper [8], we have observed that for
each ρ > ρc the critical value of σ can be approximated
by a simple function
1− σc ≈ B − Ce
−D, (10)
where constants B and C depend only on ρ. According
to numerical data, C ≫ B for each ρ, so that for D ≤ 6
the right-hand side is always negative: i.e., σc > 1 for
D ≤ 6. That is why we prefer the following equivalent
exponential fitting:
1− σc ≈ B − C˜e
6−D. (11)
Comparing B and C˜ for various values of ρ, we have
observed a remarkable relation:
C˜ ≈ 2B ∝ ρ3.
By fitting the critical value of σc (see Fig. 3) as
1− σc ≈ αDρ
3,
we found the following coefficients:
D αD
7 0.05
8 0.133
9 0.168
10 0.180
11 0.188
The obtained values of αD (see Fig. 4) can be well
fitted by the following relation:
αD ≈ 0.187− 0.377e
6−D.
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FIG. 4: Values of αD and the fit in the following form: αD ≈
0.187 − 0.377e6−D .
Within the numerical accuracy of [8] the value of σc can
be given in the following form
σc ≈ 1− αDρ
3 ≈ 1−
(
4ρ
7
)3 (
1− 2e6−D
)
. (12)
Although (12) has an elegant form and explains the sta-
bility of the Reissner-Nordstrøm-de Sitter black holes for
D ≤ 6, let us note that it is an approximation obtained
by fitting of the numerical data of [8] by a simple com-
bination of elementary functions. Thus, even the σc = 1
limit as ρ → ρc cannot be reproduced within (12). Ap-
parently subdominant terms, which may play an essen-
tial role when ρ → ρc, are lacking here. Nevertheless,
we believe that this simple formula may be useful for
comparison of our numerically found region of instability
with further, more precise studies.
For ρ → 1, we obtain the asymptotic values for σc,
which are lower than those found in [20], where only a
sufficient condition of instability was considered. Finally,
taking into account that ρ3c is small for D > 6, in order
to plot our estimation for the region of instability (see
Fig. 6), we use the following formula, which provides the
correct value of σc for ρ = ρc:
σc = 1−
((
4ρ
7
)3
−
(
4ρc
7
)3)(
1− 2e6−D
)
, (13)
ρc = e
−D−4
2 ≤ ρ < 1.
The obtained analytical formula has been deduced by
fitting of the numerical data. An analytical approach of
[21] could possibly be an alternative method to analyze
of the quasinormal spectrum in the large D limit.
V. CONCLUSIONS
Here we showed that the instability of higher-
dimensional extremally charged black holes in the de Sit-
ter world obey a couple of remarkable laws:
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FIG. 5: Comparison of numerical values of σc from [8] (black
points) and formula (13) for D = 7 (black upper line) and
D = 9 (green lower line).
TABLE I: Stability of static black holes in the Einstein-
Maxwell gravity.
charge Λ = 0 Λ > 0 Λ < 0
S (Q = 0) stable stable stable
RN (Q 6= 0) stablea unstable for D > 6 stableb
aThe extremal RN has a kind of instability which is limited by
the event horizon [16]. The physical meaning of this instability for
the external observer apparently could be studied in the nonlinear
approximation.
bThe RN-AdS black holes, being stable in the Einstein-Maxwell
theory, have a region of instability in the supergravity [22].
• For smaller values of the cosmological constant,
the instability starts at later times, and the be-
ginning of the growth of |Ψ| obeys a simple law
(ρ− ρc) ∝ t
−1/3
min , where ρc is the critical value of ρ
corresponding to the onset of instability and tmin
is the moment at which the signal starts growing.
• The critical ρ at the onset of instability is propor-
tional to e−
D−4
2 forD > 6. This indicates the insta-
bility of all D > 6 RN-dS black holes (when ρ > ρc)
and stability of the pure RN solution.
The found relations for the threshold parameters are
valid for various choices of initial conditions in the time-
domain integration, in the same manner as it takes place
for quasinormal modes.
The current status of (in)stability for static higher-
dimensional black holes in the Einstein-Maxwell gravity
is briefly summarized in table I.
In addition, we obtained the approximate analyti-
cal formula (12) relating parameters of a nonextremally
charged black hole at the onset of instability (see Fig. 5
for comparison of the formula with the numerical data).
At the onset of instability, the dominant unstable mode
has Re(ω) = Im(ω) = 0, which means that the pertur-
bation approaches a constant at late times. The destiny
of the unstable space-time can be learnt only within the
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FIG. 6: Parametric region of stability of Reissner-Nordstrøm-de Sitter black holes in the ρ-σ plane for D = 7 (black upper
line), D = 8 (blue line), D = 9 (green line), D = 10 (red line), and D = 11 (magenta lower line).
fully nonlinear approach. The shape of a slightly per-
turbed black hole at the onset of instability was consid-
ered by us in [8].
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